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1. Motivation

 For two vectors X=(X;,X,,X3), Y=(Y1,¥,Y3) in R3, the
standard inner product of X and Y is defined as

(X,Y) =XV, +X,Y, + XY,
+ This definition is parﬂy motlvated by the desire to
measure the length of a vector (Pythagorean theorem)

Length of X = /X2 +x2 + X2 :\/<X,X>

« If X is a unit vector, then (X,Y ) is to measure the
vector length of Y, I.e., the projection of Y on vector
X.
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o EX.25(3.,6,5)%]25(3,8, 7)8Y BRI, FEBE 24 -

JB-3)2+(8-6)2+(7-5)2 =0+4+4 =8

s EX 5 =(3,6,5)kKEA:
\/32+62+52 =4/70
* EX. Ao ZXARZEfrdy F(ex:(1,0,0), BI<X,Y>AK

BAgRYRZBEXT ek E, AR KKK
ey E L ex: X=(2,0,0) or X=(0.5,0,0)
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2 Definition of inner product

e For any dimension n, the two vectors

X :(X11X2’”°’Xn) and Y:(yl’yz’...’yn) ,
the Euclidean inner product is

(X,Y)= Z;X,- Y]
J=
e Complex form: Z and W are both complex vectors

(ZW)= Z;, Z;jW,
)=
\ conjugate
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s BB ENFEER LHRARGRE
o If X=3+42i=(3,2i), then the length of X is.

Without conjugate (wrong):
J<X X > =(320)-(32i) =v9+4i2 =9-4 =45

With conjugate (correct):

J<X X > =/(320)-(3-2) =v9-4i2 =914 =13

21
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3 The spaces L2 and 12 (1)

e Continuous form (i£ 45 #): L?

The energy of a continuous function f in the interval is
defined as:

L2([a, b]) = {f [a,b] = C: jb| f ()7 dt < oo}

The L? inner product in the interval [a, b] of two
continuous functions i1s defined as:

(f,0). = [ TOTMdt  ®&BAHEH

(f and g can be complex.)
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- REE R R > WA — Belement-F & 48w >
BA R8¢

« Ex. The energy of a vector (or a signal) X=(3,4,5)
is defined by: 32 + 42 + 52 — 5

« Ex. The energy of a vector (or a signal)
X=(x1,x2,x3,--,xn) is defined by:

<X, X >:x12+x§+x§+---+xﬁ
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3 The spaces L2 and 12 (2)

e Discrete form (#£4A): |2

The 1?2 inner product in the interval [a, b] of two
discrete functions IS defined as:

<X Y> nyl BERLR N AE €

(Xand Y can be complex )
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4 Schwarz inequalities

Schwarz inequality:

[OGY)IIEX Y I

Equality holds if and only if X and Y are linear dependent.
If X and Y are linear independent, what happens?

LY I=1 XY Teos® <[ XY |

42 M A8 AR
If 0=00r0=180° cosO =1. X+Y y
st G I P, L

If ©=90°0r 06 =270° cosO =0. X
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Triangular inequalities

Triangle inequality:
X+Y

FX+Y Q<X +{[Y ] Y

Equality holds if and only if X or Y is a
positive multiple of the other. 8

X=tY, t>0

I

.
Y=2X

X
X +Y =X+ Y
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5 Orthogonality EExx M (1)

The vectors X and Y are said to be orthogonal if

(X,Y)=0  m#AO

The vectors X and Y are said to be orthonormal if

C(X,Y)=0 Mo

_ I X i=1and ||Y [=1
52
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5 Orthogonality (2)

Example: The function f (t) =sintand g(t) = cost are
orthogonal in L* ([-=, xt]).

Proof:

(f,0)= fsintcostdt

1
=5 | sin(2t)dt

-1
= —Ccos(2t) |"
4 Cos(2O,

=0 W& A0 > FF LA IE i (orthogonal)
& 7% Aorthonormal?
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5 Orthogonality (3)

* Orthogonal projection
{¢€,,&,,---,€, }1s an orthonormal collection of vectors

If V lies in the space of {&,,&,,...,€, }, then,

V:ZN:OLJEJ-
j=1

Origin = *~j
That means: vector v can be spanned in a new coordinate system

{€,,6,,...,6 yand its coordinate is (o, Qt,,..., Oty ).
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5 Orthogonality (4)

Example:

2009/04/01

A vectorin R®isv =(3,5,7), it means
3=(V,X) wherex =(1,0,0);
5=(V,y) wherey=(010);and
7=(V,Z) wherez=(0,0.1).

v
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FEA o) = AR T BAIR AT B 7 69 AL AR 2 B

Example 17 y v = (24/5,4/5)
4 v=(3,4) . <
N
; - 7 64 A2 A% 22 P

{ X'=21/J5 34 ij/ﬁ ~10/+/5 =25 = 4.4721

y'=(-12)/\5 (4 —;j/@:mzﬁ
energy =3°+4°=9+16=25  (x,y)-plane

energy = (24/5)% + (+/5)? =? (x"y")-plane

‘A EE FIE
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» X2
Example (3.4 v = (245,/5)
=@ ' 2/4/5
A . 1/\/g
3 X 7 4y A A2 72
3| (= \7_ 3 25\ (%7, (251 (3j
a)T\x7) (0 D4 NIRE ~1//5 2/5)\4
AL AR ] #reg i T8 AR AR 2 R
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Rig: ARBEZHaESE (I ), BHESE

Example: @xyeyei2ss, #A1me 2eh s 4T
LetV =(3,5,7) be a vector in Cartison coordinate. Construct

: : .V . .
a new coordinate system, in which H ISa new Z'axis.
vV

: 1 V 1
Definee, =—(3,,-2)ande, =——= (3,5,7),
L 14 ©vI 83
S0 (€,,&,) =0
Define &, = (x, y, z) which satisfies: (e,,e,) = 0and (e,,e,) =0.
3X+y—-2z2=0 -9 17

—>Y=—12Z,X=—1
3X+5y+7z2=0 4 12
(17 -9 1 1 Therefore, in the new coordinate system,
=6, = o ' N& ~ -
2" 49" 1 3 0694 V can be represented as : 0g, + Oe(z) + «/ge3

or in a matrix form:(€,6,,&;)| O
2009/04/01 /83
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E % B 2 A £ 8h(E 35 47)

8 e 37 84 Ak A2 22 P

R EdE, RENEHAFEFRERLZ, TR
'@E]%, ltb’a]‘l’x/{éi
1B R 2. R EE
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1D data: f =(f, f,,...,f ) length=n
1 0 0
Inn-D, f=(f, f,,....f )= f, O + f, - T
; 0 0
0 1

If there is another coordinate system:{€,,€,,---,6 } e R"
then f can be represented in a new form:

f=(f.e)8+(f.8 )8+ . .+(f.8k,

sb—BE@ B, A BEAT — BT e (4
(&’ \ A 89)EAZ 4 4 > 3& £ Fourier transformg
; B 3w A o

T(F)ZQZ : f g:(<

éT
2009/04/01 \“n )nxn matrix 19



6 Linear operators (1)

Definition:

A linear operator (or map) between a vector space V and
a vector space W is a function T .V — W which satisfies
T(au+bv)=aT (u)+bT(v) foruveV abeC.

If V and W are finite dimensional, then T can be represented
as a matrix. For any vectorv = Zj XV :

/tll tln\/xl\
ORI MTIS N K

\tml tmn)\xn/

and T (V,) = Z.- ;
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6 Linear operators (2)

Example
Rotate a vector v = (1,2) with respect to z - axis for
an angle ©. .
cosO® sinB )1
T(v)=| .
—SInO cosO )| 2
y X

2

2009/04/01 X
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6 Linear operators (3)

Matlab program: e s3I0

v=[1;2];
a=30/180*pi ;
t=[cos(a) sin(a);-sin(a) cos(a)];

w=t*v;

figure(l); clf;

plot([0 v(1)]1.[0 v(2)1,°r");
hold on;

plot([0 w(1)].[0 w(2)],"9");

axis equal;

2

1.8+

1.6

1.4+
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0.6 -
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Result:

| |
0 0.5 1

Red: Before rotation,
Green: After rotation.

|
1.5
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6 Linear operators (4)

Adjoints: Definition BEAATT s #8:B % - &R A5 Rk

If T:V —W isa linear operator between two inner product spaces,
the adjoint of T is the linear operator T" :W —V that satisfies

(T(v), Ww = <V,T*(W)>v

. n . .. . . m —

Let V= ZJ:1XJVJ - T (VJ) o Zi:]_aijwi

T(\7) :Tm(zr;:lx ) Z 1XJT(V ) Z| 121 1(a|J J
=D CGWi =W  where C, = T a;; X

=1

If T (W) =V, then let T~ (W;) = Zb
j=1
2009/04/01 23
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6 Linear operators (5)

T*(W) = T*(Zirilciwi) = ZinllCiT*(Wi) = iznzcibijvj

i=1 j=1

2009/04/01
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6 Linear operators (6)

Matrix representation:

Let 9=(7,,7,) :

— T@) =W, W, )

2009/04/01

C=AX

mj
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6 Linear operators (7)

Similarly
C1
W=(W, - W,) i | known)  Let T (W)=(v,
Cm
bll blm C1
— T (W)= (v, -,V ) : ;|
0, -+ by NGy
Xl
=v=(v,,V ) : —) X=BC
X

) X=BC=BAX [) BA=

2009/04/01
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/ Least squares (1)

e Motivation:

— 1. we often use least squares to develop a
procedure for approximating signals (or functions).

— 2. we often use least squares to get model
parameters In a fitting problem.
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[/ Least squares (2)

Best line fitting problem (overdetermined problem)
t I (X, i)

~ ~

: Xi, Mx; +Db)

v
v

Error at xi i1S|y; —(mx, +b) |

The best line fitting is to find the minimum total square error:

E-Y (1~ (mg+b)?  N>>2

2009/04/01 28



i
1

0 =3 2y, — (MK +b))(x) =0
0 - 2(y,—(mx +b))(-1) = 0

oE
om
a_E

b

9

N
1

E =" (¥, ~ (mx +b))’

[/ Least squares (3)

P gl

29
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[/ Least squares (4)

Matlab program:

m=2.5; b=3.7;
x=rand(1,50)*50;
y=m*x+b+randn(1,50)*5;
sx=[min(x) max(x)];
Sy=m*sx+b;

A=[sum(x."2) sum(x);
sum(x) length(X)];

B=[sum(x.*y); sum(y)];

v=inv(A)*B ;

ml=v(1)

bl=v(2)

yl=ml*sx+bl;
plot(sx,yl,"g");

figure(l); clf; plot(x,y,"-"); hold on; plot(sx,sy, r");

2009/04/01
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[/ Least squares (5)

Result

File Edit View Insert Tools Deskiop Window Help

DEedE h RQAN® € 0EH =8O

140

120 |

100 |-

20

0 5 10 15 20 25 =0 35 40 45 &0
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Homework

- ST EFRE, f =sint, |f|:\/fnsin2tdt

2009/04/01
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